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Our aim is to use the well known Brouwer fixed point theorem to obtain 
another proof of an intersection lemma of Ky Fan [2]. Ky Fan in his proof 
applies a covering theorem of Knaster, Kuratowski, and Mazurkiewicz. 
Our proof was developed in a graduate course in non-linear analysis, where a 
direct proof of Brouwer’s theorem had been given beforehand along the 
lines of that in Dunford and Schwartz [ 11. 
LEMMA. Let X be a compact convex set in a Hausdorff linear topological 
space Y, OY let X be a compact set in a quasi-complete locally convex Hausdorff 
linear topological space Y. For each x E X, let F(x) be a closed subset of Y, such 
that, for each$nite subset {x1 , x2 ,.,., x,} of X, the convex hull of (x1 , x2 ,..., x,) 
is contained in Uy=, F(xJ. Then nzeX F(x) # 4. 
Proof. Let K = Co(X) be the closed convex hull of X. By a theorem of 
Krein (see [4, p. 241]), K is compact. Set 
Let (x1 , x2 ,..., x,} be a finite subset of K. Then 
%5(x1 , x2 )..., 4 C i, GM, for, if XiEKNX 
i=l 
for some i, then G(xJ = K, and if xi E X for all i, then 
and also E{xr , x2 ,..., xn} C K. Therefore 
E~{x,,x, ,..., x,)CKn i)F(x,) , [ 1 1 
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Hence 
co{x, ) x2 ,...) xnl C 6 G(xi). (1) 
i=l 
In view of the compactness of K, it is enough to prove that, for any finite 
subset (x1 , xs ,..., xn} C K, f$=r G(xJ # #A Suppose it is not so. Let 
fly=, G(xJ = 4. Then 
K = fi (K - G(q)), 
i=l 
so the relatively open sets {K - G(q)},” form a finite covering of the compact 
set K. Let {PI , ,Ba ,..., /In} be a partition of unity subordinate to this covering; 
i.e., for each i, & is a non-negative real-valued continuous function on K, 
such that 
0 <Pi d 1; @,(x) = 1 for x E K; 
and 
/J(x) = 0, 
Define a function p on K by 
if x E G(xJ. 
This function takes G{xr , x2 ,..., x,} into $x1 , x2 ,..., xn} and is continuous. 
Therefore by the Brouwer fixed point theorem there exists a fixed point of p 
in Z{xr , xs ,..., xn}. Let u = p(u); 
A 
Let 
u E 26(x, , x2 ,..., x,} C u G(xi). 
i=l 
Then 
A = {I <j < n: u E G(x,)}, 
B = {i < j < n: u # G(x,)}. 
u # 6 G(xJ. (2) 
jEB 
Clearly A # 4, u E nisA G(xi). Then &(u) = 0 for i E A. Therefore 
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;BBi(4 = 1, u E GT{xi: i E B} C u G(x,), 
jEB 
which contradicts (2). Thus for any finite subset 
{Xl , x2 9*.-Y 4 C K fi G(xi) f 4 
i=l 
and hence flecK G(x) # $. Let x0 E nzEK G(x). Then x,, E nEEX G(x) and 
therefore x,, E &.rF(x). 
Remark. By the above lemma, following Ky Fan (see [2, p. 309]), one 
can prove that, if K be a non-empty compact convex subset of a Hausdorff 
linear topological space Y and A a closed subset of K x K having the 
properties 
(1) (x, x) E’A for every x E K, 
(2) for each fixed y E K, the set {x E K: (x, y) $ A} is convex (or 
empty); then there exists a point y,, E K, such that K x {ys} C A. 
It is in this form that the lemma has been instrumental in proving various 
minimax and fixed point theorems. See [3] for more references. 
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